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Abstract. We shall construct a moduli space of pairs of Kahler-Einstein 
structures and special lagrangians and obtain smoothness of the moduli 
space of these pairs. Further we show that the moduli space of these 
pairs is locally embedded in a certain relative cohomology group. 



§0. Introduction 

Special lagrangians are calibrated submanifolds of Calabi-Yau mani- 
folds with Kahler-Einstein structures, which have been extensively stud- 
ied between differential geometry and mathematical physics [8], [10], [11], 
[16]. In particular, a deformation of special lagrangians is an intriguing 
topic and Mclean shows smoothness of the deformation space of special 
lagrangians, which is parameterized by an open set of the first coho- 
mology group [14]. The moduli space of Kahler-Einstein structures are 
constructed by Fujiki-Schumacher [4] and Tian-Todorov show that the 
deformation space of Kahler-Einstein structures is also smooth [17], [18]. 
Special lagrangians are depending on a choice of Kahler -Einstein struc- 
tures. Hence it is natural to study moduli spaces of special lagrangians 
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under deformations of Kahler-Einstein structures. In this paper we con- 
sider a pair consisting of a Kahler-Einstein structure $ and a special 
lagrangian M with respect to 3>. These results of smoothness raise a 
question of whether we obtain a smooth moduli space of pairs of Kahler- 
Einstein structures and special lagrangians. The purpose of this paper 
is to show smoothness of the moduli space of such pairs, to obtain some 
further properties. The moduli space of such pairs is locally embedded 
into a certain relative cohomology group. In order to explain our results 
more precisely, we introduce our notations and definitions. A calabi- Yau 
manifold is a complex manifold with the trivial canonical line bundle. 
Let X be a compact Calabi- Yau manifold with a Kahker form. There 
exists a unique Kahler-Einstein form w on I with vanishing Ricci cur- 
vature in each Kahler class. We denote by fl a nonzero form of type 
(n, 0), where dime X = n. We call a pair $ = (Q,u>) a Kahler-Einstein 
structure on X. A special lagrangian M of X with respect to a Kahler- 
Einstein structure $ is , by definition, a real n dimensional submanifold 
of X satisfying equations, 

C^ /m = o, ;> = o. 

where i M : M — > X and Q Im denotes the imaginary part of the complex 
form ft. We assume that a special lagrangian M is compact. Then we 
have a moduli space V of pairs consisting of Kahler-Einstein structures 
and special lagrangians ( see definition 4-1-3 in section 4). At first we 
show that a connected component of the moduli space V is regarded as 
a certain relative moduli space 9Jl KE (X, M), where M is a fixed real n 
dimensional submanifold. Then we obtain , 

Theorem. The relative moduli space 9Jl KE (X, M) is a smooth manifold. 
In particular, 9Jl KE (X, M) is Hausdorff. 

One of difficulties for a construction of the moduli space V is that spe- 
cial lagrangians are real calibrated manifolds, in which we can not apply 
a general theory of deformations of complex geometry, such as Kodira- 
Spencer theory. In this paper we consider X as a real 2n dimensional 
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manifold and Kahler-Einstein structures are geometric structures defined 
by closed differential forms 3> = (ft, uS). ( We refer to these closed differ- 
ential forms as calibrations .) We construct the moduli space VJl KE (X) 
of these calibrations by using the implicit function theorem and obtain 
a smooth moduli space of Kahler-Einstein structures. Let 3>° = (Q°,u°) 
be a Kahler-Einstein structure on X. Then we obtain an elliptic complex 
# x with respect to 3>°: 

(#*) r x (E°) T X (E X ) T X (E X ). 

We denote by H l (# x ) the cohomology group of the complex # x . Then 
the infinitesimal deformation at 3>° is given by the first cohomology group 
^ 1 (#x)- Let i M : M — ► X be a special lagrangian with respect to $°. 
Then we also obtain an elliptic complex # M over M: 

r M (^) r M (El) v M {El). 

By using the pull back i* M , we have a surjective map of complexes, 
^ : #x — * i^M- Hence we have a short exact sequence of complexes: 

► #X,M > #X " > #M ► 0, 

where # x> m is a complex, 

T x ,m(E xm ) : ► T XjM (E XM ) : > r x ^ M (E XM ), 

( see section 4 for definition). We denote by H l (# x>M ) the cohomology 
group of the complex # x ,m- Then we have 

Theorem. Let 9Jl KE (X, M) be a relative moduli space as above. Then 
local coordinates at <£>° is given by an open set of the cohomology group 
H (#x,m)- 

We also show that the cohomology group i7 1 (# x>M ) is a subgroup of 
a relative de Rham cohomology group, which is topologically defined. 
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Then we show that the moduli space Wi KE (X, M) is locally embedded 
in the relative de Rham cohomology group, which is called local Torelli 
type theorem (Theorem 4-2-8). It must be noted that the moduli space 
DJl KE (X, M) is a total space of a fibre bundle, 

m KE (x,M) — ►Si (x,M), 

where the base space 9Jlo(X, M) is a submanifold of the moduli space 
of Kahler-Einstein structures VJl KE (X), which corresponds to deforma- 
tions preserving special lagrangians (Proposition 4-2-9) and each fibre 
is regarded as the moduli space of special lagrangians with respect to a 
fixed Kahler-Einstein structure. Our moduli space is defined as a certain 
quotient by the action of the identity component of the group of diffeo- 
morphisms. It is interesting to ask what is the quotient by the action of 
whole diffeomorphisms. In theorem 4-2-11 we show that such a quotient 
is an orbifold ( see theorem 1-9 ). In section 1, we discuss a general theory 
of geometric structures defined by closed differential forms and construct 
a moduli space of such closed differential forms. If a geometric structure 
is metrical, elliptic and topological, we obtain a smooth moduli space of 
them ( see definition 1-1,2,3). Section 2 is devoted to prove theorems in 
section 1. We show in section 3 that the Kahler-Einstein structure is met- 
rical, elliptic and topological. Hence we obtain a smooth moduli space 
of Kahler-Einstein structures. If we fix a class of Kahler forms, then 
we have a smooth moduli space of polarized Calabi-Yau structures. In 
section 4 we obtain the relative moduli space 9Jl KE (X, M). In subsection 
4-1 we study the cohomology groups H l x ) ,H l M ) and -£P(#x,m)- 
In subsection 4-2 we construct a slice 5$o (X, M) , which is local coor- 
dinates of the moduli space 9Jl KE (X, M), and prove our main theorem 
(theorem 4-1-5). In the case of hyperKahler structure, corresponding 
calibrated submanifolds are holomorphic lagrangians. Our construction 
also holds in this case and we obtain a smooth moduli space of pairs of 
hyperKahler structures and holomorphic lagrangians. We will discuss 
this in a forthcoming paper. 
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§1. Moduli spaces of calibrations 

Let V be a real vector space of dimension n. We denote by A P V* the 
vector space of p forms on V. Let p p be the linear action of G =GL(V) 
on A P V*. Then we have the action p of G on the direct sum 0j A Pi V* 

by 

p: GL{V) — > End(eti ^ ^*), 
p= (p Pl ,--- ,p Pl ). 

We fix an element <3>° = (0i, fa, — - ,(f>i) C A Pi V* and consider the 
G-orbit O = O$o through $°: 

O*o = {$ = G e< A Pi | p G G } 

The orbit can be regarded as a homogeneous space, 

O<$o = G/H, 

where H is the isotropy group 

H = {geG\p g <S>° = <S> }. 

We denote by A(V) the orbit O^o = G/H. The tangent space E X {V) = 
Tq>oA(V) is given by 

E\V) = T^oAiV) = { pt$° G @t A Pi V* | £ G fl }, 

where p denotes the differential representation of 0. The vector space 
£ ,1 (V') is the quotient space g/f). We also define a vector space 22° (V) 
by the interior product, 

E°(V) ={ i v $° e ©, A^- 1 V* | v G V }. 

E 2 {V) is define as a vector space spanned by the following set, 

E 2 (V) = Span{ ^$60, A^ +1 V*\6eV*,<S>E E\V) }. 

Then we have the complex by the exterior product of a nonzero u 6 V*, 

E°(V) E\V) E\V). 
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Definition l-l(elliptic orbits). An orbit O$o is an elliptic orbit if 
the complex 

E°(V) E\V) E 2 {V). 

is exact for any nonzero u G V*. In other words, if a A u = for 
a G E l (V), then there exists (3 G E°(V) such that a = (3 A u. 

Definition 1-2 (metrical orbits). Let O&o be an orbit as before. An 
orbit O$o is metrical if the isotropy group H is a subgroup of 0(V) with 
respect to a metric gy on V . 

Let X be a compact real manifold of dimension n. Then we define 
the G/#-bundle A{X) = A (X) by 

A (X) = \JA(T X X)^X. 

We denote by S 1 = 8 1 {X) the set of C°° global sections of A{X), 

S 1 (X) = T(X,A(X)). 

Let 3>° be a closed element of S 1 . Then we have the vector spaces 
E % {T X X) for each x G X and i = 0,1,2 respectively. We define the 
vector bundle E l x = E x over X as 

E x = E l := |J E\T X X) — ► X. 

x<EX 

for each i = 0, 1, 2. (Note that the fibre of E 1 is fl/f).) Then we have a 
complex 7^3>o 

(#*°) T(E°) — T(E 1 ) — T(E 2 ), 

where T(E l ) is the set of C°° global sections for each vector bundle and 
di = d\ E i for each i = 0, 1,2. The complex is a subcomplex of de 
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Rham complex: 

r(£0) r (£i) T ( E 2^ 

Np- Np- 

r(e,A^- 1 ) — ^— > r(eiAP*) — ^— > r(e z A^ +1 ) 

Hence there is the map p from the cohomology group of the complex 
to de Rham cohomology group: 

i 

where 

H\#<t>°) = {ae T(E 1 ) | d x a = }/{ d/3 \ G r(£°) }. 

Definition 1-3 (Topological calibrations and topological orbits). A 

closed element <3>° G ^(^Q a topological calibration if the map 

p: H\^o) — ► ®H Pi (X,R) 

i 

is infective. A manifold X is topological with respect to an orbit O in 
©iA K V* if any closed element of S 1 (X) is a topological calibration. An 
orbit O is topological if p is infective for each closed form <£>° G £ 1 {X) 
over any compact n dimensional manifold X . 

Lemma 1-4. Let O be a metrical orbit and 3>° an element of E 1 = 
T(X,A (X)). Then there is a canonical metric g&oon X corresponding 
to each $°. 

Proof. The orbit O is defined in terms of $° = §y G A Pi V* on 
V. We also have G A(T X X) on each tangent space T X X. Let 

Isom(V, T X X) be the set of isomorphisms between V and T X X. Then 
define H x by 

H x = {hE Isom(V, T X X) | $ y = /i*$ (:r) }. 

Then we see that is isomorphic to the isotropy group H. h*gy defines 
the metric on the tangent space T X X for h G H x . Since H is a subgroup 
of O(V), the metric h*gy does not depend on a choice of h G H x . □ 

At first we shall show the following: 
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Proposition 1-5. Let O be a metrical and elliptic orbit and $ a topo- 
logical element ofS 1 . Then the dimension of is invariant under 
deformations of 3> G S 1 . 

Proof. The complex \Y{E % ),di] is a subcomplex of de Rham complex. 
Hence we have the commutative diagram : 





r(E°) r(£' 1 ) y(e 2 ) 



e,r(A^- 1 )/r(E°) — > e,r(A^)/r(^ 1 ) — ► e*r(A^ +1 )/r(£ 2 ) 





Let g$ be the metric corresponding to the metrical calibration 3>. We 
denote by E]_ the orthogonal compliment of each vector bundle E % for 
i = 0, 1, 2. Then we have the identification: 

£° e, a^ -1 /e° 

E]_ 9* 0i A Pi /E 1 
We denote by E by the image 



E 2 = d 1 T(E 1 ). 
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Y(E°) V(E 1 ) — E 2 

e z r(A^- 1 ) — ^— ► ® l v^) e,r(A^ +1 ) 



t(e° ± ) ► r{E{) > v(El). 

Hence we have the long exact sequence. Since T(E ) — > E is surjective 
and 3> is topological, we have the exact sequence: 

(1) ► > ®iH* R (X) ► > 0, 

When we consider symbols of differential operators in the diagram, we 
see that the complex #_l 

r(E° ± ) > T(E{) > V(E 2 ± ) 

is an elliptic complex. Hence H 1 (#^) is Kernel of the elliptic operator. 
Since # is elliptic, H 1 (#) is also kernel of the elliptic operator. So 
the dimension of each cohomology group is an upper semi continuous. 
Hence from (1) we see that the dimension of H 1 (t^) is invariant under 
deformations. □ 

Let O be an orbit in ©^ A Pi V* . Then we define the moduli space 
Tl (X) by 

m {x) = { $ g s 1 1 d§ = o }/DifT (x), 

where Diffo(X) is the identity component of the group of diffeomor- 

phisms for X. We denote by 9Jl (X) the set of closed elements in S 1 . 

We have the natural projection tt: DJi (X) — > %Jl (X). We shall prove 
the following theorems in section 2. 
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Theorem 1-6. // an orbit O is metrical, elliptic and topological, then 
the corresponding moduli space dJt (X) is a smooth manifold. ( In par- 
ticular 9Jl (X) is Hausdorff .) Further each coordinates of 9Jl (X) 
around 7r($) is canonically given by an open ball of the cohomology group 
for each $ G M (X). 

Since de Rham cohomology group is invariant under the action of 
Diffo, we have the map 

P:Wi (X)^®H p d k(X). 

Then we have 

Theorem 1-7. // an orbit O is metrical, elliptic and topological, then 
the map P is locally infective. 

Theorem 1-8. Let be the isotropy group, 

/($) = {/£ Diff (X) I = 

Then there is a sufficiently small slice S$o at 3>° such that the isotropy 
group is a subgroup of I(3>) for each 3> G S<&o,i.e., 

J($°) C /($). 

(Our definition of the slice will be given in section 2) 

Theorem 1-9. Let 9Jl (X) be the set of closed elements of S 1 . We 
denote by Diff(X) the group of diffeomorphism of X . There is the action 
o/Diff(X) ontm o (X). Then the quotient m o (X)/~Difi(X) is an orbifold. 

§2. Proof of theorems 

Let X be a real n dimensional compact manifold. We denote by 
C°°(X, A p ) the set of smooth p forms on X. Let L*(X, A p ) be the Sobolev 
space and suppose that s > k + i.e., the completion of C°°(X, A p ) 
with respect to the Sobolev norm || || s , where k is sufficiently large. Then 
we have the inclusion L^(X, A p ) — ► C k (X, A n ). We define E\ by 

(2-1) S\ = C k (X,A (X))nL 2 s (X,® l l=1 A p *). 

Then we have 
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Lemma 2-1. E\ is a Hilbert manifold. The tangent space T^oS] at 3>° 
is given by 

T^El = L 2 s (X,E l ). 

Proof. We denote by exp the exponential map of Lie group G =GL(n, R) . 
Then we have the map k x 

(2-2) k x : E\T X X)-^A(T X X), 

by 

(2-3) k x (pt$ (x)) = Pexp s$ (x). 

for each tangent space T X X. From 2-3 we have the map k 

(2-4) k: L 2 s {E l ) ^ El 

by 

k\E 1 (T x X) = k x . 

The map k defines local coordinates of £}. □ 

For each <I> we have the vector bundles as in section one. We denote 
them by E®,El and E 2 . We define Z to be the set of closed forms in 
E 1 

Z = {$e£t\d& = 0}. 

We also denote by Z$ the Hilbert space of closed forms of T&El = 
L 2 s (X,El), 

Z^ = {aeL 2 s {X,El)\da = 0}. 

We then have 
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Lemma 2-2. Z is a Hilbert manifold with T<$>Z = Z<$>. 

Proof. The tangent space of the Hilbert manifold S\ at 3> is the Hilbert 
space L 2 S {X,E\). We then have a distribution Z defined by the closed 
subspace Z$ of the tangent space T^S}. We shall show that the dis- 
tribution Z is integrable. Let V 1 (resp. V 2 ) denote the Sobolev space 
L 2 s (X,®iA Pi ) (resp. £ 2 _i(X, 0iA Pi+1 )). We define a map 77: V 1 -> V 2 
by the exterior derivative 

a 1 — > da, 

where a G V 1 . Then 77 is regarded as a V 2 — valued one from on the Hilbert 
manifold V 1 . We immediately see that 77 is a closed form. Hence the 
pull back i* £l r] is also closed where i £ \ : £\ — > V 1 denotes the inclusion. 
The distribution Z is defined by the closed one form 

(2-5) Z$ = { a <E €l I z*iT/(a) = }. 

Hence we see that the distribution Z is integrable. From the Frobenius 
theorem for Hilbert manifolds, there exists the integrable manifold Z' 
such that T$Z' = Z®. We then see that Z coincides with the integral 
manifold Z' . □ 

Let 3>° be a smooth closed element of S 1 . Since the orbit O is metrical, 
we have the corresponding smooth metric g^o . The vector bundle E l is 
defined from 3>° as in section one for each % = 0, 1, 2. Then we have the 
orthogonal projection 7r E ; , 

7T E , : L 2 _ X (X, e.A^- 1 ) — L 2 _!(^), 

for i = 0, 1. We also denote by d* the adjoint operator with respect to 
the metric g^o, We consider the complex: 

(2-6) L* +1 (E°) L^B 1 ) LU(E 2 )- (#-) 

Since is elliptic, the complex 7^0 is an elliptic complex. We then have 
the Laplacian A # = dod^ + d^di of the complex #^0 and the Hodge 
decomposition: 

(2-7) L 2 (E l ) = H 1 ^) + A # G # L 2 (^), 
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where H 1 ^^) = KerA # and G # denotes the Green operator. We also 
see the the adjoint operator do( res P- d\) is given by tt e o o d* (resp. 

7T E i O d*). 

Lemma 2-3. Let 3>° be a smooth closed element of E\. We define a 
slice S^o by 

S*o = {$e Si | d$ = 0, 7T E od*$ = }. 

Then S^o DU is a Hilbert manifold with T^oS^o = H 1 (# t j ) o) 7 where U is 
a sufficiently small neighborhood of Sj at $°. 

Proof. The slice S&o is written as 

S> = {$ eZ\d o d*$ = 0}, 

where d* denotes tt e o o d* . We define the map F by 

F- 2 — ► L 2 S _ 2 (X, E 1 ), 
$ — > d d^ 

The map F is the map from the Hilbert manifold Z to the closed sub 
space of do exact forms doL^_ 1 (E°). The differential of F at <3>° is given 

by 

dF*o: T^oZ — >d L 2 s _ 1 {E°) 
a — ► dod^a, 

where a G T^oZ = Z$o. From the Hodge decomposition of the complex 
#$,o, we see that dF&o is surjective. Hence from the implicit function 
theorem, the slice S#o f| U is a Hilbert manifold for a neighborhood U 
at $°. The tangent space of T$oS&o is given by the kernel of the map 
dF&o. From lemma 2-2 we see that the kernel of dF^o is H 1 (# 4> o). □ 
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Lemma 2-4. We define a map P s q by 

where 3> = (fa,--- , 0z) £ <S$o and dJi is a c/ass 0/ de Rham co- 
homology group represented by fa. Then Ps^o is injective on a small 
neighborhood at $°. 

Proof. An open set of H 1 (#$o) is a local coordinates of the slice S$o. 
Hence the result follows since the orbit O is topological. □ 

Let C 1 Diffo be the identity component of C 1 — diffeomorphisms from 
X to X. We define Diff* +1 by 

Diff* +1 = C^Diffo n L 2 S+1 ( Diff (X)). 

Then Diff* +1 is the Hilbert Lie group and the action 

el x Diff5 +1 — > el 

is well defined (see [3] ). We define 9Jt s (X) by 

m s o (x) = m s o (x)/Bm s + \ 

where 

<m 8 (x) = {$eel\d$ = o}. 

Let 7T be the natural projection 

tt: St^(X) — >M S (X). 



SPECIAL LAGRANGIANS AND KAHLER-EINSTEIN STRUCTURES 15 



Lemma 2-5. Let S<$>o be the slice through $°. Then image tt(S^o) is 
an open set in 9Jl s (X). 

Proof. As in proof of lemma 2-3 it follows from implicit function theorem 
that a neighborhood of 3>° is homeomorphic to S$o x V, where V is an 
neighborhood of Diffo at the identity. Hence we have the result. □ 

Lemma 2-6. Each element $ of the slice S^>o consists of smooth forms, 
i.e., 

* = (0i,... &ec°%x:,A«)- 

So that is, 

s$o c m Q (x). 

Proof. The tangent space T$oS<$>o is the Kernel of Laplacian A # . Hence 
from elliptic regularity we have 

T$o5$o C C°°(X,®A Pi ). 

i 

Hence from implicit function theorem we see that 

S$o C C°°{X,®A Pi ). 

i 

□ 

Proposition 2-7. Letn be the natural projection tt : tifll (X) — > SPt (X). 
VKe restrict the map tt to a slice S$o. Then the restricted map ttIs^q to 
the image 

Ms^o ■ S$o > 7r(S$o) 

is a homeomorphism. 

Proof. It is sufficient to show that ^Is is injective. We assume that 
tt($) = 7r($ / ) for G 5$o. It implies that there exists / eDiff 

such that $' = /*<£. Since each class of de Rham cohomology group is 
invariant under the action of Diffo, we have 

[*] dR = [*'] dR e®H*(x). 

i 

From lemma 2-4, the map Ps is injective for sufficiently small S$o . 
Hence we have $ = □ 
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Proposition 2-8. The quotient %R {X) is Hausdorff. 
Proof. We define M S (X) by 

m s (X) = {^eSj\d^ = 0}. 

Since O is metrical, we have the metric g$. Hence each tangent space 
T<$$fl{X) has the metric and Wt s (X) is a Riemannian manifold. We also 
see that the action of Diffo on DJl s (X) is isometric ( see [3] ). Let d 
be the distance of the Riemannian manifold 9Jl s (X) and tt the natural 
projection tt: M s (X) -> VJl (X). Then we define c^tt^ 1 ), tt($ 2 )) by 

d(7r($ 1 ),7r($ 2 ))= inf <f$\ <f<I> 2 ), 

/ >3 eDiff 

where 3>, $' G Since the action of Diffo preserves the distance 

d, 

diir^ 1 ),^® 2 )) = inf d(f*$\ $ 2 ). 

/GDiffg 

Hence we have triangle inequality , 

d^ 1 ), tt($ 2 )) +d(7r($ 2 ), tt($ 3 )) 
= inf d(/*$\$ 2 )+ inf d($ 2 ,#*$ 3 ) 

/e Diff g e Diff 

S inf #*$ 3 ) = rf(7r($ 1 ), tt($ 3 )). 

/,g£Diff 

We shall that d is a distance of DJl (X). We assume that the distance 
d(7r($°), tt($)) = 0. Then inf /eDiffQ /*$) =0. Hence /*$ is in 

a small neighborhood U at $°. As in lemma 2-1 a neighborhood £/ 
of at 3>° is homeomorphic to a product V x S^o, where V is a 

neighborhood of Diffo at the identity. We define a distance d^o on the 
cohomology group ®iH^ % R {X) by using the harmonic representation with 
respect to the metric g$o. From lemma 2-4, we have the injective map 

P-.Sto^KBiHZttX). 
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Then we see that 

inf d(*° i r*) = Cd.o(P(*°) 1 P(d>)), 

/£Dlff , 

f*-feu 

where C is a constant. (Note that the action of Diffo preserves a class of 
(BiH%n(X).) Hence from our assumption we have P(3>) = P($°). since 
P is injective, 7r($) = 7r($°). Hence d is a distance on 37l (X). □ 

Proof of theorem 1-6. Since (9 is elliptic, each slice S<& is smooth from 
lemma 2-3. Each slice S<$> is coordinates of DJl (X) since (!) is topological 
from lemma 2-5. Each slice is homeomorphic to an open set of the 
cohomology group H 1 (#$). Since O is metrical, 9Jl (X) is Hausdorff 
and each slice is canonically constructed. □ 

Proof of theorem 1-7. Each slice is a local coordinates of %Jl (X). Then 
the result follows from lemma 2-4. □ 

Since O is metrical, we have the metric g$ for each $ G S 1 . Hence 
the metric g§ defines the metric on each tangent space E 1 = So 
S 1 can be considered as a Riemannian manifold. Then we see that the 
action of Diffo on S 1 is isometry. Let be the isotropy group of Diffo 
at 

/($) = {/£ Diff (X) I = 

Let S$o be a slice at $°. Then we shall compare 7$o to other isotropy 
group i$ for $ G 5$o. 

Theorem 1-8. Lei 7($°) 6e £ae isotropy group of Diffo(X) at <£> and 
S^o £ae s/ice at $°. Taen i$o is a subgroup of the isotropy group 7$ /or 
eaca 3> G 5^0 . f We take S$o sufficiently small for necessary.) 

Proof of theorem 1-8. From definition of S$o, the slice S$o is invariant 
under the action of i$o. The map P|s '■ S^o — > ©H Pi (X) is locally 

injective. Since the action of Diffo preserves each class of de Rham 
cohomology group, we can take a sufficiently small S$o such that the 
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action of I$o is trivial on the slice S$o . Hence I$o is a subgroup of the 
isotropy group for each 3> G S<$>o . □ 

Proof of theorem 1-9. The slice S$o is local coordinates of 9Jl KE (X) 
and invariant under the action of Diff(X). Hence the moduli space 
9Jt KE (X) /Diff(X) is locally homeomorphic to the quotient space S$o/I, 
where I is the isotropy, 



As in proof of proposition 2-8, Diff(X) acts on S$o isometrically. Hence 
we see that there is an open set V of T^oS^o with the action of / such that 
the quotient V/I is homeomorphic to <S$o /I. Since T$o5$o is isomorphic 
to H 1 ^^) and the action of I on H 1 ^^) is a isometry with respect 
to g^o . The action of I preserves integral cohomology class. Hence from 
lemma 2-4 we see that V/I is the quotient by a finite group. □ 



Let V be a real vector space of 2n dimensional. We consider the 
complex vector space V <S> C and a complex form £1 G f\ n V* <S> C. The 
vector space ker ft is defined as 



where i v denotes the interior product. 

Definition 3-1-1 (Calabi-Yau structures). A complex n form ft is a 
Calabi-Yau structure on V if dime Ker ft = n and Ker ft n Ker ft = {0}, 
where Ker ft is the conjugate vector space. 

We denote by A C y(V) the set of Calabi-Yau structures on V. We 
define the almost complex structure Iq on V by 



/={/GDiff(X)|/*$° = $ }. 



3-1. Calabi-Yau structures 



Ker ft = {v eV ®C\i v ft = 0} 





if v G Ker ft. 
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So that is, Ker Q = T 1,0 V and KerQ = T 0,1 V and Q is a non-zero (n, 0) 
form on V with respect to Iq. Let J be the set of almost complex 
structures on V. Then A C y(V) is the C*— bundle over J. We denote by 
p the action of the real general linear group G = GL(V) on the complex 
n forms, 

/?: GL(V) — >End(A n (V®C)*). 

Since G is a real group, A C y(V) is invariant under the action of G. Then 
we see that the action of G on A CY (V) is transitive. The isotropy group 
H is defined as 

h = { g eG\ Pg n = n}. 

Then we see H =SL(n, C). Hence the set of Calabi-Yau structures 
Acyiy) is the homogeneous space, 

A CY {V) = G/H = GL{2n,R)/SL(n,C)- 

(Note that the set of almost complex structures J =GL(2n, R) / GL(n, C) . 
) An almost complex structure I defines a complex subspace T 1,0 of di- 
mension n. Hence we have the map J — >Gr(n, C 2n ). We also have the 
map from A CY (V) to the tautological line bundle L over the Grassman- 
nian Gr(n, C 2n ) removed 0— section. Then we have the diagram: 

A CY (V) > L\0 

c* 

J ► Gr(n,£ 2n ) 

Acviy) is embedded as a smooth submanifold in n— forms A n . This is 
Pliicker embedding described as follows, 

A CY (V) > L\0 > A n \{0} 

c* 

N^ - N^ - 

J > Gr(n,C 2n ) > C~P n . 
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Hence the orbit O cy = A C y(V) is a submanifold in A n defined by Pliiker 
relations. Let X be a real compact manifold of n dimensional. Then we 
have the G/H bundle A C y(X) over X as in section 1. We denote by 
8 = S^y the set of smooth global section of A CY (X). Then we have the 
almost complex structure Ifi corresponding to Q G S 1 . Then we have 

Lemma 3-1-2. If ft G S 1 is closed, then the almost complex structure 
In is integrable. 

Proof. Let {Oi}f =1 be a local basis of r(A 1,0 ) with respect to ft. From 
Newlander-Nirenberg's theorem it is sufficient to show that dQ{ G r(A 2 '°0 
A 1 ' 1 ) for each Q{. Since ft is of type A n '°, 



Hence dOi G r(A 2 ' © A 1 ' 1 ). □ 

Then we have the moduli space of Calabi-Yau structures on X, 



From lemma 3-1-2 we see that Wi CY (X) is the C*— bundle over the mod- 
uli space of integrable complex structures on X with trivial canonical 
line bundles. 

Proposition 3-1-3. The orbit O cy is elliptic. 

Proof. Let A p - q be (p, q)— forms on V with respect to a closed form ft G 
A C y(V). In this case we see that 



0i A O = 0. 



Since dft = 0, we have 



dOi A ft = 0. 



yn CY (X) = {ft e Sl Y | dft = }/Diff (X). 



E l = A n,0 A 

E 2 = A 71 ' 1 © A 



n-1,1 



n-1,2 
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Au 



-> A 



n,l ^n—1,2 



Hence we have the complex : 

/\n-l,0 ^ > ^n,0 



for ii G F. Let a = (x,y) be an element of E 1 . We assume that 
u A a = 0. Then since de Rham complex is elliptic, there is an element 
b = (z, w) G A n_1 '° © A 77--2 ' 1 such that a = u Ab. Hence we have 



(i) 

(2) 
(3) 



x = u 1 ' A z, 

y = u ' 1 Az + u 1 ' Aw, 



= w ' 1 A 



w 



From the equation (3) and ellipticity of Dolbeault complex, there is an 
element 7 G A n_2 '° such that w = u 0,1 A 7. Hence y = li ' 1 A z + 
u 1,0 A (u ' 1 A 7) = u 0,1 A z, where z = z — u 1,0 A 7 G A n_1 '°. Hence 
a = (it 1 ' A z, u 0,1 A z) for z C A n_1 '°. □ 

Proposition 3-1-4. Lei 7^ 6e the complex structure corresponding to 
G S 1 . If dd lemma holds for the complex manifold (X,Iq), is 
topological. In particular, (X,Iq) is Kahkerian, fl is topological. 

Proof. As in proof of proposition 3-1-2 the complex is given as 

r ( A n-l,0) p( A n,0 A n-l,l) r ( A n,l A n-1,2)_ 

Then we have the following double complex: 

r(A n >°) — ^ r(A n ' 1 ) — 2— > 







T(A n 


-1,0 


d 




T(A n 


-2,0 



9 

r(A n - 1 ' 1 ) 
a 

-> r(A n - 2 ' 1 ) 
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Let a = (x,y) be a closed element of r(A n '°) T(A n We assume 

that a = db. Then b = (z, w) G r(A n - 1 ' ) r(A n ~ 2 ' 1 ), satisfying 

x = dz 
y = dz + 
= dw. 

Since dw G r(A n_1,1 ) is 5 closed, We apply dd lemma to dw. Then 
there is an element 7 G r(A n_2 '°) such that 

dw = defy = —dd^. 

Hence a is written as 

a = <i(z — d^f). 

It implies that the map p: H 1 ^) — > H n (X) is injective. □ 
Remark. We define F n ~ l /\* 

F n-l A m = Q r ( A P,9)_ 
p>n— 1 

Then the complex #si is 

^7>n— lyyn-l j > pn-l^n d > pn—1 

Hence Q is topological if and only if we have the following: 

F n ~ 1 H n (X) = H n (F n ~ 1 A*). 

Hence from proposition 3-1-3, we have the smooth slice Sq corre- 
sponding to each ft and Sn is the space of deformations of tt. However 
O cy is not metrical and the moduli space 97t cr (X) is not Hausdorff 
in general. In fact, It is known that 37l cr (X) is not Hausdorff for a 
K3 surface. Hence in order to obtain a Hausdorff moduli space, we 
must introduce extra geometric structures. The most natural structure 
is Kahler-Einstein structure on a Calabi-Yau manifold. 
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§3-2. Kahler-Einstein structures 

Let V be a real vector space of 2n dimensional. We consider a pair 
$ = (ft,u) of a Calabi-Yau structure ft and a real symplectic structure 
uj on V, 

QeA CY (V), 



w G A 2 F* , wA-Aw/O. 

We define by 

9n,u(u,v) = u(Iqu,v), 

for u, v G V. 

Definition 3-2-1 (Kahler-Einstein structures ). A Kahler-Einstein 
structure on V is a pair $ = (ft, uj) such that 



(1) ftAuj = 0, ftAu = 



n 



(2) ftAfl = c n uA---Au 

(3) gn,uj is positive definite. 

where c n is a constant depending only on n,.i.e, 



C n = ("I) 



t (n-l) 2 71 



i n n\ 

From the equation (1) we see that u is of type A 1 ' 1 with respect to the 
almost complex structure Iq. The equation (2) is called Monge- Ampere 
equation. 

Lemma 3-2-2. Let A KE (V) be the set of Kahler-Einstein structures on 
V. Then There is the transitive action of G =GL(2n,W) on A KE (V) 
and A KE (V) is the homogeneous space 

A KE (V) = GL(2n,R)/SU(n). 
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Proof. Let go,^ be the Kahler metric. Then we have a unitary basis of 
TX. Then the result follows from (1),(2). □ 



KE 1 



Hence the set of Kahler- Einstein structures on V is the orbit O 

O ke C A n (F®C)*0AV 

Theorem 3-2-3. The orbit O ke is metrical, elliptic and topological. 

Proof. From lemma 3-2-2 the isotropy group is SU(n). Hence O ke is 
metrical. At first we shall show that O ke is elliptic. Let (Q°,u°) be an 
element of A KE (V). Then we have the vector space E°(V) = E° KE {V) 

by 

E° KE (V) = { (iM°, ivu°) e a;t 1 e a 71 - 1 I v G V } 

The vector space E 1 (V) = ElziV) is the set of {a, (3) G Ag A 2 satis- 
fying equations 

a A cj° + Q° A = 0, 

(4) aA^ + fi°Aa = nc n /3 A (a; )™" 1 

We assume that u A a = 0,u A /3 = for some non zero vector u G V '. 
Then since the orbit (9 cr is elliptic, (a, (3) is given as 

(5) a = u A s, /3 = u A t, 

form some s G A™ _1 '° and £ G A 1 . Hence s,t are written as 

(6) s = i Vl O°, t = i V2 u°, 

for some i>i,i>2 G V. Set i> = i>i — v<i- Then from (4), (5) and (6) using 
(1),(2), we have 

(7) mA(^°)AO° = 

(8) u A (i v u!°) A (cj°) n_1 = 0. 
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Form (7) we have 

(9) u A i v u° G A 2 ' © A 1 ' 1 . 
We also have from (8) 

(10) uAi v u° G A 2 ' © A ' 2 . 

Since u A i v u° is a real form, we see from (9), (10) that 

(11) uAi v u° = Q. 
Hence (a, (3) is given as 

a = u A i Vl fl°, 

(12) (3 = u A «„ 2 w° = «A — w A i^o; = u A i vi cj°. 
From (12) we see that the complex 

E° KE (V) EUV) EUV) 

is elliptic. Next we shall show that O ke is topological. Let (a, (3) be an 
element of Y{E] iE ). We assume that a and (3 are exact forms respectively. 
Then since G CY is topological, we have a = ds, (3 = dt for some s G 
r(A2 _1 ), t G T(A 2 ). Hence s,£ are written as 

(13) s = i Vl Q°, t = i V2 cu°, 

for some i>i,i>2 G T(TX). Then from equations (4), (13) using (1),(2) we 
have 

(14) d(i v cj°) A tt° = 

(15) d{i v uj°) A (u ) 71 - 1 = 0, 
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where v = V\ — v^- From (14), (15) we have 

(16) di v uj° g r(A 2 '°e a 1 ' 1 ) 

(17) ^ Gr(A 2 '°®A ' 2 ). 
Since di v u° is real, we have from (16), (17) 

(18) di v u° = 0. 

Hence (3 = di V2 uj° = di Vl u>° — di v u°. Then from (18) we see that 

a = di Vl Q I , P = di Vl cu°. 

Hence the map p: — > H n (X, C) H 2 (XM) is injective. □ 

Hence from theorem 1-6 in section 1 we have the following: 

Theorem 3-2-4. Let 9Jl KE (X) be the moduli space of Kdhler- Einstein 
structures over X , 

m KE (x) = m KE (x)/Bm (x), 

where 

m KE (X) = { (O, u) G E\ E | dtt = 0, dw = }. 
Then 9Jl KE (X) is a smooth manifold. Let tt be the natural projection 

tt: m KE (x) ^m KE {x). 

Then coordinates of 9Jl KE (X) at each (Q,u>) G 9Jl KE (X) is canonically 
given by an open ball of the cohomology group i7 1 (#). 

We have the Dolbeault cohomology group H p,q (X) with respect to 
each fl. Then we have 
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Theorem 3-2-5. The cohomology group is the subspace of H n {X 1 C)0 

H 2 (X, R) which is defined by equations 

aAw + OA/3 = 0, 
(19) aAH+Q Aa = nc n /3 Acj n_1 , 

w/iere a G iP*(X, C),/3g H 2 (X,R). 

Let P p,q (X) be the primitive cohomology group with respect to u. 
Then we have Lefschetz decomposition, 

a = a n '° + a"" 1 ' 1 + a n - 2 '°A w <E P n '°(X) P 71 " 1 ' ^) P n ~ 2,0 (X) A u. 

(3 = {3^° + {3^i+{3°'° A Lu+f3°> 2 G P 2 ' o (X)0P 1 ' 1 (X)0P°' o (X)Aw0P o ' 2 (X). 
Then equation (19) is written as 

a n - 2 >° A u A u + Q A f3 ' 2 = 0, 
a n '° A O = nc n (3 '°uj n 

We see that a"' G P n '°(X) and /?°'° G P°'°(X) are corresponding to the 
deformation in terms of constant multiplication: 

ft — > tQ, uj — ► suj 

If a Kahler class [to] is not invariant under a deformation, such a de- 
formation corresponds to an element of (3 2,0 and a n ~ 2,0 . This is in the 
case of Calabi family of hyperKahler manifolds, i.e., Twistor space gives 
such a deformation. It must be noted that there is no relation between 
a n-i,i G pn-i,i(j) an d ^(X) G P 1 ' 1 ^). We have from theorem 1-7 
in section 1, 

Theorem 3-2-6. The map P is locally infective, 

p-.m KE {x) — >H n (X, C) H 2 (X, R) . 
We also have from theorem 1-8 in section 1, 
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Theorem 3-2-7. Let I(ft,u>) be the isotropy group of 

7(0, cu) = {f E Diffo(X) | f*Q = Q, = lu }. 

We consider the slice So at 3>° = (Q°,o; ). Then the isotropy group 
7(n°,a; ) is a subgroup of I (O, to) for each (Q,cu) G So. 

We define the map P#2 by 

P H 2-. Tl KE (X) -^¥(H\X)), 

where 

¥(H 2 (X)) denoted the projective space (H 2 (X) - {0})/R*. Then we 
have 

Theorem 3-2-8. The inverse image PJjl{[uj\dR) is a smooth manifold. 

Proof. From theorem 3-2-5 and theorem 3-2-6 the differential of the map 
P#2 is surjective. Hence from the implicit function theorem P^l([u)] dR ) 
is a smooth manifold. 

Remark. P^l{[uS\ dR ) is the C* bundle over the moduli space of polarized 
Calabi-Yau manifolds [4]. 

§4. Special lagrangians and Kahler-Einstein structures 

§4-1. Let 3>° = (n°,o; ) be a Kahler-Einstein structure on a compact 
Calabi-Yau manifold X and i M : M C X a special lagrangian submani- 
fold of X with respect to (Q°,o; ), .i.e, 



where (Q) Im is the imaginary part of the complex form Q°. We as- 
sume that M is a compact n dimensional real manifold. We denote by 
Diffo(X, M) the subgroup of Diffo(X) preserving the submanifold M, 

Diff (X, M) = {fe Diffo(X) | f(M) = M }, 

where Diffo(X) is the identity component of the group of diffeomor- 
phisms of X. 
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Definition 4-1-1. We define the relative moduli space 9Jt KE (X,M) by 

M KE (X, M) = m KE (X, M)/Diff (X, M), 
where dJl KE (X, M) is given as 

M KE (X, M) = { $ = (O, to) G £ l KE (X) | = 0, i* M & Im = 0, z> = }. 

For simplicity we use the following notation: 

Notation 4-1-2. Let 3> = (Q,uj) be a Kdhler -Einstein structure. Then 
a pair (0, ip) denotes where 

cf) = n Re , t/j = (n Im ,to) 

where fl Re is the real part ofQ. 

Then M KE (X, M) = M(X, M) is rewritten as 

<m KE (x, m) = {$ = (</>, ^ g e x KE {x) |^ = o, *^ = o }/Diff (x, m) 

We consider a special lagrangian M' with respect to a Kahler-Einstein 
structure 3> = (Q,u>) on X. Then there is the action of Diffo(X) on the 
set of pairs (M',$) by 

/(M / ,$) = (r 1 (M),r$), 

for / GDiffo. Hence we have the moduli space of pairs of special la- 
grangian submanifolds and Kahler-Einstein structures on X: 

Definition 4-1-3. 

V = { ($, M) | $ G Wl KE (X), M C X, a special lagrangian }/Diff (X), 
where 

m KE {x) = { s = (ft, W ) g £L(x) l^ = o}. 
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Lemma 4-1-4. %Jl KE (X, M) is a connected component of the moduli 
space V . 

Proof. There is the natural map 9Jl KE (X, M) — ► V. From Definition 4- 
1-1 and 2, we see this map is injective. Let M' be a special lagrangian 
submanifold with respect to a Kahler-Einstein structure If the class 
M'] G V belongs to the same connected component as to the one of 
the class [M, $] , we have 

W = f(M), 

for some / G Diffo(X). Hence the map 9Jl KE (X, M) — > V is bijective map 
to the connected component of V . □ 

As in section 3, we have vector bundles E®,E^_ and E£ for each 
Kahler-Einstein structure <£>° = (Q°,o; ) by 

r x (E° x ) = { (^°, iv<f) e r x ( a-- 1 e a 1 ) | „ g t x (tx) } 

Y x {El ) = {{0A i v Q°, 6 A i v cu°) G T x (A n C A 2 ) | G T x (A 1 ), v G T X (TX) } 

r*(£ 2 ) = { (0 a a ,e a /?) g r x (Ag +1 e a 3 ) I ^ g r^A 1 ), (a, /?) g r x (£ x ) }, 

we have the complex # x = #^0, 

(#-) r x (£j) r x (Bi) r x (£|) 

By using Notation 3>° = (0°, ■0°), we have 

r x (E° x ) = {(i v( f>°,i v ij )\v er x (TX)} 

r x (E x ) = {(8 A a I G T^A 1 ), v g r x (rx) } 

T X {E 2 X ) = { (0 A a,6 A /3) | G r x (A 1 ), (a, /?) G T X (E X ) } 

Let z M be the inclusion M — > X. Then by using the pull back of 
differential forms in the second component of each E l x , we obtain vector 
bundles E l M over M (i = 0.1, 2), 

r^i) = {CM°)l^r x (Ti)} 

r M (^) = { C A I g rjA 1 ), „ g r x (rx) } 

T M {E 2 M ) = {i* (9 A f3) \ 9 E r M (A 1 ), (a, /?) G r x (£ x ) }. 
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We denote by # M the complex on M 

(#m) vjm r M (Ei) 



^m( E m) ^m( E m) ^m{ E m) 



From our construction of E l M , we have the map k in terms of the pull 
back i* , 

«:r x (i&)— ►r M (i&). 

Then the map is the map from the complex j^ x to the complex 
Hence we have the short exact sequence of complexes, 





^x,m( E x) 



^x,m( E 1) 



(1) 



r x (E° x ) -^U V x {El) Y X (E X ) 



F m ( E m) ^m{ E m) ^m( E m) 















where Y XM {E* X ) is given as 

r x A E °x) = i MVt,^ ) e T x {E x )\e M {i v ^) = o} 

T x A E x) = { (0 A i v cf>°, e A i v if>°) E Y X {E X ) | i* M (0 A t^°) = o } 
r x ,M(£j ) = { A a,6 A /?) G Y X (E 2 X ) \i* M (0 A (3) = 0}, 
We denote by #x,m the complex (r x M (£* ), d XjM ), 

(#x,m) 



X,M 



■ X,M 
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Theorem 4-1-5. Let 9Jl KE (X, M) be the relative moduli space. Then 
97t XB (X, M) is a smooth manifold (in particular, 97t X£; (X, M) is Haus- 
dorff). Further local coordinates of M) is given by an open ball 

of the cohomology group IP-^x m), where H 1 {^ X M ) is the first cohomol- 
ogy group of the complex # A 



"X,M ■ 



We will prove theorem 4-1-5 in the rest of this section. 

Lemma 4-1-6. Let H % {# x ) be the cohomology group of the complex 
# x . Then we have 

H°(# X ) = H\X). 

Proof. Let i v $>° = (i v fl° , i v uj°) be an element of T x (Ex), for some real 
vector v G T X (TX). Let be the metric of X corresponding to <3>° = 
(Q°,u°) and * the Hodge star operator with respect to g$o. Then we 
see that 

* i v Q° = a i v u AQP 

(2) *i v u;° = c 2 i v Q° AQ° + ci ijf AO , 

where ci,C2 are constants depending only on the dimension n. Hence if 
di v u° = and dLyQP =, the i v u° is a harmonic 1 form with respect to 
the metric g$o from (1). We define the complex Hodge star operator * c 

by 

* c : A*' - A^°, 
C2 (* c a) A il = *a. 

Then we have 

(3) * c i v u° = i v fl°. 

Conversely any 1 from is written as i v u° since co is a symplectic form. 
If i v L0° is a harmonic one form, then from (3) i v Q° is also harmonic. 
Hence we have the result. □ 



Then from lemma 4-1-6 we have 
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Lemma 4-1-7. 

#°(#x) = { (a, b) G M n ~ 1 (X, C) U\X) | * c a = (6) 1 ' }, 
where W(X) denotes harmonic forms on X with respect to g$o. 
Proof. This directly follows from lemma 6. 

Lemma 4-1-8. Let N M be the normal bundle on the special lagrangian 
M with respect to a Kahler- Einstein structure <£>° = (ft°,u; ). Then we 
have the canonical identification, 

N M = E° M 

Proof. We consider a splitting T M (N M ) — > Y X (TX) of the exact sequence, 
> r x>M (TX) > Y X {TX) > Y M {N M ) > 0. 

Since M is a special lagrangian, i M *^° = for <3>° = (0°, if; ), where 
iP = ((Q°) Im ,co°). Using the splitting we have the identification: 

N M — E M , 

The identification does not depend on a choice of a splitting. □ 
Lemma 4-1-9. E° M is the set of self dual forms of A X M A^ -1 , 

El = { (a 1 , a"" 1 ) G Aj, A^ 1 | * M a* = a"" 1 }, 

where * M is the Hodge star operator with respect to the pull back metric 
i* M g^o on M. 

Proof. Any element of E° M is given as i* M (i v ifj°). Then we see that 
(4) C(*« ft ) Jm = *MCM°)- 

Hence i* M (i v ifj°) is a self-dual form. Conversely any self dual from is 
written as i* (i v ip°) for some v G N M . □ 
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Lemma 4-1-10. Let H°(# M ) be the cohomology group of the complex 
#m- Then we have 

H\# M ) = H\M). 



Proof. From lemma 4-1-9, H°(# M ) is the set of self dual harmonic forms 
(B}(M) H n - 1 (X))+. Hence we have the result. □ 

Lemma 4-1-11. The image d Mfi Y M {E Q M ) coincides with the closed sw6- 
setdT M {^ M ®f\ n - 1 ). 

Proof. This follows from lemma 4-1-9. □ 

Let a be a real harmonic one form on X. Then we see that * c (a) 1,0 G 
r x (A n_1 '°) is also Harmonic. Hence by using the pull back i* M , from (3) 
and (4) we have 

C(*c« 1,0 ) /m = *„*>• 
Hence we have the commutative diagram: 
Lemma 4-1-12. 

H\X) H\M) 

*C *M 

i^-^C) ► H n ~ 1 (M, R), 

where 7^1 is the induced map from the pull back i* M . 

Lemma 4-1-13. Let i!/" 1 (# M ) be the first cohomology group of the com- 
plex #m- Then we have 

H\# M ) = H n (M,R)®H 2 (M,R). 



Proof. Let I = i^o be the complex structure on X corresponding to 
Q°. Since I is an element of End (TX), we have G T X (E X ) as 
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in section one. We see that pift = ifl since ft G A n ' . Since M is a 
special lagrangian, i* M (Q°) Re =vol M . Hence 

(5) ii((p I n o y™) = i* M (-n Re ) = -voi M . 

Since a; is a Kahler form, pico = u°. Hence (volM,i* M u) = (voIm,Q) is 
an element of T M (E° M ). We also see that { i v cu \ v G Y X {TX) } = T X (A 2 X ). 
Hence {i* M (i v cu) \ v G T X (TX) } = r^A^). Then from (5) we see that 
r M (£^) = r M (A^- ©A^). Then from lemma 11 we have the result. □ 

Let 7 2 : # 2 (X,M) -> H 2 (M,R) be the induced map from the pull 
back i* M . We denote by Image 7 2 the image of the map r ) R2 . As in (1) 
we have the map from the complex # x to the complex # M . Then we 
have the map of cohomologies, 

7 ^:^ 1 (#x)-^ 1 (# M )- 

Lemma 4-1-14. The image of the map H 1 (# x ) — > i7 1 (# M ) is £/ie 
direct sum IT 1 (M, R)0 Image j H 2, so that is, we have the commutative 
diagram: 

if 1 (# x ) 5- # n (M, R) Image 7^2 ^ 




Proof. Since /0/(Q°) = and /Ojo; = u, is an element of 

T X (E X ). Hence ^((in ) Jm ,w) = (-vol M ,0) is an element of T M {El). 
From proposition 3-2-8 in section 3, P H i : — > H 2 (X, R) is sur- 

jective. Hence we have the result. □ 
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We also denote by 7 x the induced map from i* M , 7^1 : H 1 (X, 
H 1 (M, E). From (1) we have the long exact sequence: 



fl^PO H l (M) H n (M)®H 2 (M) 

Hence we have an exact sequence: 

(6) — > Coker 7Hl — > H\^ M ) — ► Ker 7 * — > 0. 

Proposition 4-1-15. XTie dimension of H l {# XtM ) is invariant under 
local deformations of 3>° G 97t XE (X, M). 

Proof. From the exact sequence (6), 

dimi7 1 (# X M ) = dim Coker 7 1 + dim Ker 7*. 

From lemma 14 ker 7* is the ker of the map H 1 (# x ) — > i7 n (M)©Image 
7^ 2 , where Image 7^ 2 does not depend on $°. Hence dim Ker 7^ is 
invariant since H 1 (# x ) is invariant from proposition 1-5 in section one. 
Hence we see that H 1 (# X M ) is also invariant since image 7^ is topolog- 
ical. □ 

As in section 3, the complex # x is a subcomplex of the following de 
Rham complex dR x : 

• •• ^(^©a 1 ) r x (A c -0A 2 ) r x (A» +1 ®A 3 ) — ••■ 

We also see that the complex # M is a subcomplex of de Rham complex 
dR M : 

• • • — t m (a— 1 e a 1 ) r M (A n e a 2 ) t m (a- +1 e a 3 ) — • • • . 
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Hence we see that the complex # x> m is a subcomplex of the following 
relative de Rham complex dR X M : 



X,M 



X,M 



(A 



n+1 



A 3 ) 



where T X M (A^ A 9 ) is given as 



Wa£ © A«) = { (a, 6) G T X (AJ A 9 ) I = 0, ^6 = }. 

Then we have the map between short exact sequences of complexes: 

► > #X > #M > 







dR x 



M 



dR 



X 



dR 



M 







Hence we have the map between long exact sequences: 



7. 



P 



X,M 



J X 



H°(dR x ) H°(dR M ) — ► H 1 {dR XM ) — > H\dR x ) 

Proposition 4-1-16. XTie map Px,m '• -^(^x.m) — > H^~(dR x ,M) is injec- 
tive. 

Proof. We consider the induced map between quotient vector spaces in 
the diagram : 



(7) 



ff°(# M )/7°ff°(#x) - H (dR M )h dR H (dR x ). 



From lemma 4-1-12 we see the map (7) is injective. From proposition 
3-2-3 of section 3, : H 1 (H z x) — ► H 1 (dR x ) is also injective. Hence we 
have the result. □ 
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§4-2. We shall construct a slice on %Jl(X, M) for the action of Diffo(X). 
At first we consider the slice S<$>o = S$o(X) in section 2 and define the 
map A: 

A: S$o(X) — ► H n (M, R) © H 2 (M, R) , 

where $ G S^o. 

Lemma 4-2-1. We define S$o(X) by 

S$o(X) = {$ G S*o(X) | A($) = 0}. 

ITien a neighborhood of S^o (X) at 3> u is homeomorphic to an open set 
of Ker 7^ in H 1 (# x ), So that is, S^o (X) is a manifold around <3>° with, 

T^S^o(X) = Ker-yl. 

tF 

Proof. From lemma 4-1-13 the image of the map 7^ : H 1 (# x ) — > H n (M)® 
H 2 (M) is given by H n (M) © Image 7 2 . Hence Image 7^ does not de- 

H tF 

pend on $° G Ott^s (X,M). Let $ be an element of the slice S$o(X). 
Then we have the map from the tangent space T$S$o(X) to H n {M) © 
H 2 {M) by taking cohomology classes. Since $ is a topological calibra- 
tion, the image of this map coincides H n (M) © Image 7^ 2 . (Note that 
the difference between T&S® and T^S^o is given by exact forms.) Hence 
we see that the image A(S$o) is H n (M) © Image 7^ 2 . By using implicit 
function theorem we see that the inverse image A _1 (0) is a manifold 
around $° □ 

As in section 2, we define the Sobolev space L 2 (M, A p ), for s > k+^, 
where s is sufficiently large. Then we denote by L 2 (E l M ) = L 2 (M, E % M ) 
the Sobolev space L 2 (M,A n - 1+i © A t+1 ) n C k (M,E l M ) for % = 0,1,2. 
Since the complex # M is an elliptic complex, we have the Hodge decom- 
position, 

L 2 S (M, El) = H°(# M ) © d* M Q L 2 s+1 (M, El), 
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where H 1 (7^ M ) is the Ker d M0 . We have the commutative diagram: 
L%X,E°) LU(X,El) > 

K° k' 

Ll(M,El) JOIU LU(X,El) > . 

Then we denote by 7 = 7° the induced map on the cohomologies from 

7 :i/ (# x )^i/ (# M ). 

Let 7 °(Ker d xo ) = 7 °(H°(# X )) be the image of H°(# x ) in L 2 S (E° M ). 
We denote by (Image 7°)~ L the orthogonal complement of the image 
7°(e°(# x )) in L 2 (M, E° M ). Since Image 7 is the subspace of H°(# M ), 
we have the decomposition: 

L 2 S (M, E° M ) =Image 7 (Image 7 °)- L 

=Image 7 ° H°(# x , # M ) d* MQ L 2 s+1 (M, <), 

where H°(# x , # M ) denotes the orthogonal complement of Image 7 in 
H°(#m)- We recall the identification T(E° M ) 9* T(N M ) in lemma 8 and 
fix a splitting T M (N M ) — > r x (TX) of the exact sequence, 

► r X;M (rx) > t x (tx) > r M (N M ) > o. 

Under the identification T{E° M ) 9* T(N M ), v G L 2 (E° M ) 9* L 2 a (N M ) is 
regarded with an element of L 2 (TX) by the splitting map. Let exp be 
the exponential map with respect to the metric g<$,o . We define the map 

F x, M by 

F XjM : (Image 7 V x S*o — dL 2 s (M,E° M ), 
{ v , $ ) — ► v ex P^ ^ 

where <I> = (</>, £ -S'* an d exp* ^ = ( exp* (Q) Jm , exp* ) is the pull 
back of ip by exp v G Diffo(X). From Lemma 4-2-1 i* M exp* ip is an exact 
form and we see that the image of the map F XjM is dL 2 (M,E Q M ) from 
lemma 4-1-1. 
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Proposition 4-2-2. The inverse image F x 1 M (0) is a manifold around 
(0,$°). 

Proof. The differential of F x M at (0, $°) is given by 

dF XtM (v,$) — > e M di^° + i* M ijj, 

where (y,&) G (Image 7 ) -1 © T$oS$o and 6 = ((j>,ip). Hence we see 
that dF X M is surjective. From the implicit function theorem, we have 
the result. □ 

Definition 4-2-3. Let exp be the exponential map corresponding to the 
metric g$o . We define the slice S<s>o (X, M) by 

S^o (X, M) = { ex P ; $ G 5t(X) r\U\(v,$) G F~} M (0) }, 

where U is a sufficiently small neighborhood ofDJl(X) at $°. 
Then we have 

Proposition 4-2-4. The slice S$o (X, M) is a submanifold of%Jl(X, M) . 

Proof. From elliptic regularity we see that (v, $) G F~ 1 (0) x M is smooth. 

From definition, i* M exp£ $ = 0. Hence S$o (X, M) is a subset of 9#(X, M). 
As in section 2, U = V x S^o, where V is a neighborhood of Diffo(X) 
at the identity. Hence S$o (X, M) is homeomorphic to a neighborhood 
of F~^(0). From Proposition 4-2-2 we have the result. □ 

We recall the exact sequence (1): 

> #X #M ► 0. 

From the map k: # x — ► #m, we define the following relative complex: 

-> #m) = r x (££) © r^^- 1 ), 

where the coboundary map <5 X M is 

^x.mK,^ 1 ) = (^ x ,(-ir i «(a) + ^ M - 1 ), 

where (a* ,6*7 x ) G r x (£%) © ^(E^ 1 ). ( Note that C°(# x -> # M ) = 
T X (E°). ) Then we have a cohomology group H p (# x — > # M ) of the 
complex (C>(# x -> # M ),6 XiM ). 
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Lemma 4-2-5. Let H P (^ X M ) be the cohomology group of the complex 
# X>M . Then we have 

# P (#x,m)=# P (#x-#m). 



Proof. Let a p x be an element of T XM (E X ). Then we define the map from 
(E p x ) to C>(# x -> # M ) by 

We see that this map is quasi isomorphism between complexes. □ 

Proposition 4-2-6. Let S<z>o(X,M) be the slice as in definition 4-2-3. 
Then the tangent space of the slice is given by the relative cohomology 
group: 

X,M ) • 

Proof. From Proposition 4-2-4 the tangent space T$o5$o(X, M) is ker 
dF X M . From Proposition 4-2-2 Ker dF XM is given as 

Ker dF XM = { («, $) G (Image 7V TqoS*o | i^d**^ + = } . 

Then (<b,iyip°) G Ker dF XM is a representative of H l (# x — > # M ). 
Hence we have the map Ker dF x>M — > H 1 (# x — > # M )- From Hodge 
decomposition, we see that this map is bijective. □ 

Proposition 4-2-7. Lei tt x , m : St(X, M) -> 9tt(X, M) 6e tae naiwra/ 
projection. We restrict n XyM to the slice S$o(X,M). Then the restricted 
map is injective and its image is an open set offJJl(X, M). 

Proof. Let $ be an element of the slice S$o (X, M). Then $ is a closed 
form of T X>M (E X ). Let P be the map from the slice S$o(X, M) to the 
relative de Rham cohomology group H 1 (<ii? x>M ), 

P: S$o(X,M) — ► H 1 (dR x ^ M ), 
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From proposition 4-2-6, the differential of the map P at 3>° is an isomor- 
phism 

T$oS$o(X, M) = i7 1 (# x>M ). 

From proposition 4-1-16 H 1 (# X>M ) — > H 1 (dR x , M ) is injective. Hence 
the map P is injective if we take S$o(X,M) sufficiently small. A class 
of ^{dRx^) is invariant under the action of Diffo(X, M). Hence the 
restricted map 7r XjM |5^ (x,M) is injective. let U be a small open set of 
Tl(X) at $°. Then as in section 2, U = V x S$o, where V is a neighbor- 
hood of Diffo(X) at the identity. Let $ be an element of Wt(X, M) n U. 
Then $ is written as $ = /*$, where / G V, $ G S&o. Since = 0, 
we have [i* M $]dR = 0. Hence <l G 5$o. The open set V of Diff (X) at 
the identity is identified with an open set of T X (TX) at zero section. By 
using a splitting, we have the decomposition 

r x (TX) = r x>M (TX)er(N M ). 

Let u be an element of 7°(i7°(# x )). Then we see di u &° = 0. Since U 
is sufficiently small, $ is written as 

* = fi ex P ; 

where /i GDiffo(X, M) and v G (Image 7)- 1 C H°(# M ). Hence Image 
^x,m(S^o(X, M)) = 7r(Z7) is an open set. 

We define the map P X%M by 

X,M ) 1 



$ > [$] 
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Theorem 4-2-8. The map P is locally injective. 
Proof. This follows from proposition 4-1-16. □ 

Proof of theorem 4-1-5. Let 9Jl KE (X, M) be as in definition 1. Since 
9Jl KE (X, M) is a submanifold of 9Jl KE (X), we have the distance d on 
9Jl KE (X, M) as in proposition 2-9. Then from theorem 4-2-8 we see that 
d gives a distance on the moduli space 9Jl KE (X, M) as in a proof of 
proposition 2-9. Hence 9Jl KE (X, M) is Hausdorff. Let / be an element 
of Diffo(X, M). Then / gives a diffeomorphism from the slice S^o (X, M) 
to S f *z,o(X, M). Hence from proposition 4-2-7, we see that each slice is 
local coordinates of %Jl(X,M). From Proposition 4-2-4 and 4-2-6, we 
have the result. □ 

We define St(X, M) by 
Wt(X, M) = { $ G £}c E (X) I d<S> = 0, \i* M i)] dR = } /Diff (X). 
Then we have the natural map 

Wl(X, M) — >5t(X,M), 

[^]Diff (X,M) [^]Diff (X), 

where [$]Diff (x,M) ( res P- [^Diffopo) denotes a class of VJl(X, M) (resp. 
9Jt(X, M) ). We denote by St (^, M) the image of this map. 

proposition 4-2-9. 9#o(X, M) is a smooth manifold and local coordi- 
nates are given by an open ball of Ker 7* C H 1 (# x ) 

Proof. Local coordinates of 9Jlo(X,M) is given by S$o as in Lemma 
4-2-1. 

Theorem 4-2-10. M(X, M) — ► ffl (X, M) is a fibre bundle and local 
coordinates of each fibre is given by an open ball of Coker 7^1 . 

Proof. Let <£>° be an element of 9Jl(X, M) . Then the fibre through <3>° is 
written as the quotient, 

{ /* $° I = 0, / G Diff (X) }/{ g*<S>° I g G Diff (X, M) }. 
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An neighborhood of Diffo(X)/Diffo(X, M) is given by an open set of 
F M (N M ). Under the identification T M (N M ) = Y M {E° M ) 1 we see that each 
fibre is parameterized by an open ball of coker 7^1 C H°(# M ). □ 

Each fibre can be regarded as the moduli space of special lagrangian 
submanifolds with respect to a fixed Kahler-Einstein structure <3>. 

Theorem 4-2-11. Let 9Jl KE (X, M) be as in definition 1^-1-1. We de- 
note by Diff(X, M) the group of diffeomprphisims of X preserving M. 
There is the action of Diff(X, M) on Wt KE (X, M). Then the quotient 
<m KE {X,M)/Diff{X,M) is an orbifold. 

Proof. The slice S^>o(X, M) is local coordinates of 9Jl KE (X, M) and in- 
variant under the action of Diff(X, M). Hence we see that the moduli 
space DJl KE (X, M)/Diff(X, M) is locally homoemorphic to the quotient 
space S<s>o(X, M)/I X _ M , where I X . M is the isotropy, 

Ix.m = {fe Diff(x, M) |/*$° = $° }. 

As in proof of proposition 2-9, Diff(X, M) acts on S$o (X,M) isometri- 
cally. Hence we see that there is an open set V of T^oS^o (X, M) with 
the action of I x ,m such that the quotient V/I x .m is homeomorphic to 
S<s>o(X : M)/I x , M . Since T^oS^o(X, M) is isomorphic to i7 1 (# x . M ) and 
the action of I X M on H 1 (# X . M ) is a isometry with respect to the met- 
ric g^o. The action of I X M preserves integral cohomology class. Hence 
from proposition 4-1-16 we see that V/I X , M is the quotient by a finite 
group. □ 
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